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INTRODUCTION 

Algebraic methods have been used extensively in hadronic physics for the descrip- 
tion of the internal degrees of freedom (flavor-spin-color) [|l|. Spectrum generating 
algebras and dynamic symmetries have been very instrumental in the classification of 
hadronic states and the construction of mass formulas, such as the Gell-Mann-Okubo 
mass formula 

Recently lachello suggested to use algebraic methods for the geometric structure 
of hadrons as well, and thus, by combining the degrees of freedom of the internal and 
relative motion, to obtain a fully algebraic description of hadrons. The key ingredient in 
such an approach is the choice of a spectrum generating algebra (SGA) for the relevant 
spatial degrees of freedom, e.g. relative quark coordinates or geometric shape variables. 
The operators representing physical observables, such as masses, are then expressed 
in terms of elements of the algebra. All matrix elements of interest can be calculated 
exactly without having to make further approximations. As a first application of this 
approach the string-like configuration of a quark (q) and an antiquark (g) in a meson 
was described in terms of a U{A) SGA ^. The U{4) algebra is realized in terms of 
bosons whose mutual interactions simulate the dynamics of the radius vector connecting 
the quark and antiquark. This model corresponds to a collective string-like description 
of mesons. 

The situation for baryons is more complex. In a valence quark model, baryons are 
made up of three quarks {qqq), some of which may be identical. Therefore, unlike the 
situation in mesons, for baryons one has to construct states with good permutation sym- 
metry. To fulfill the Pauli principle only particular combinations of space, spin-flavor 
and color representations are allowed. In quark potential models, either nonrelativistic 



[0 or in a relativized form baryons are described as a system of quarks interacting 
through two-body interactions. Most calculations are done in a harmonic oscillator basis 
and usually only a few oscillator shells are taken into account exactly. As an alternative 
to such a single-particle type of description, it is of interest to consider the possibility 
of a collective description of baryons. The quarks participating in a collective motion 
are strongly correlated and move coherently. In terms of a harmonic oscillator basis 
collectivity requires the mixing of many different oscillator shells. This is in analogy to 
the case encountered in nuclei for which a description of a-clustering requires mixing 
of many shells in the nuclear shell model. In any collective description of baryons one 
has to mix different oscillator shells in such a way that the permutation symmetry of 
the quarks is preserved. Furthermore, in order to be able to compare the single-particle 
with the geometric-collective description of baryons, it would be beneficial to have a 
framework that encompasses both points of view. 

In this contribution we introduce a U{7) spectrum generating algebra as a new 
algebraic string-like model of baryons. This model satisfies all the above mentioned 
requirements for a collective description. We show explicitly that in the U{7) model 
it is possible to incorporate the permutation symmetry of the three quarks exactly 
and to accommodate both single-particle and collective types of motion. The model 
space consists of many oscillator shells, but since it is finite dimensional, the U{7) SGA 
provides a tractable computational scheme, that involves only the diagonalization of 
finite dimensional matrices. A great advantage is that within the assumptions of the 
model all calculations can be done exactly. We discuss some special cases in which 
we derive closed analytic solutions that give a clear insight into the properties of the 
model. Finally we note that the same U{7) SGA can be used to describe rotations and 
vibrations in triatomic molecules [§. 



THE U(7) QUARK MODEL 



The hamiltonian in quark potential models contains a kinetic energy term, a con- 
fining potential and the hyperfine interaction. The confining potential is written as 
the sum of two uncoupled harmonic oscillators in the Jacobi coordinates and a residual 
two-body interaction. The two relative Jacobi coordinates are 

P = in- r2)/V2 , 

A = (fi + r2-2f3)/v^, (1) 

where fi is the coordinate of the i-th quark. The group structure associated with the 
harmonic oscillator part is given by the chain, 

f/(6) D U,{3) ® Ux{3) D S0,{3) ® S0x{3) D S0,x{3) . (2) 

The unperturbed eigenvalues are given in terms of n = Up + n\, the total number of 
quanta in the p and A oscillators. The group chain in eq. (2) provides a convenient basis 
to diagonalize the full hamiltonian. Typical calculations involve only a few oscillator 
shells. For a given harmonic oscillator shell, n, there exist well known techniques to 
construct states of good permutation symmetry, angular momentum and parity 0]. 

Collective behavior of quarks inside baryons corresponds to a coherent motion of the 
quarks. A description of such correlated motion in a harmonic oscillator basis requires 
strong coupling of many different oscillator shells. In order to accommodate such mixing 
we discuss an extension of the U{6) symmetry group of the harmonic oscillator. From 
experience gained with algebraic models in nuclear [|lOl and molecular physics [|ll|], it is 



known that this can be achieved by embedding the U{6) algebra in the compact SGA 
of U{7). This is done by adding a scalar boson under the restriction that the total 
number of bosons is conserved. The last condition guarantees that the U (7) SGA still 
describes only six degrees of freedom, which can be associated with the two relative 
Jacobi coordinates. 

The building blocks of the U (7) model are the six components of two dipole bosons 
with L'" = denoted in second quantization by pj, and p\, and a scalar boson with 
L'" = 0+, denoted by A mass operator that conserves the total number of quanta 
N = Us + Up + n\ can be expressed in terms of the 49 generators of U{7), 

Dx = {pis - stp,)(i) , A^ = t {p\s + stp,)(i) , G« = (pIp^ - ptp,)(0 , 
Dp = {p^s - s^Pp)W , Ap = t (pts + stp^)(i) , G(0 = (ptp, + pIp^)(i) , (3) 
G? = {pIPp + PxPxf^ , G^l^ = i {pIpx - PxPpY^^ , fis = s^s , 

with / = 0, 1,2 and Pm = {—iy^"^P-m- All many-boson states are classified according 
to the totally symmetric representation [N] of U{7). The value of determines the 
number of states in the model space. In view of confinement we expect N to be large. 
The model space contains several oscillator shells. For a given value of A^, it consists of 
oscillator shells with n = Up + nx — 0,1, N. In order to construct a mass operator 
that properly takes into account the permutation symmetry among the three quarks 
inside a baryon, we study the transformation properties of the generators of eq. (3) 
under the permutation group. 

PERMUTATION SYMMETRY IN THE U(7) MODEL 

The harmonic oscillator basis is very well suited to construct a set of basis states that 
in addition to good angular momentum and parity also have good permutation sym- 
metry under the interchange of any of the three quarks. For baryons with strangeness 
— 1 or —2 the only permutation that is involved is the interchange of the two identi- 
cal quarks, P(12), which without loss of generality are taken to be the first two. For 
baryons with strangeness or —3 the three quarks are indistinguishable and therefore 
we have to use in addition to -P(12) also the cychc permutation P(123). All other per- 
mutations can be expressed in terms of these two elementary ones. Although the U (?) 
model can describe both strange and nonstrange baryons, in the present contribution 
we discuss only the nonstrange sector, namely the nucleon and the delta resonances. 
The spatial wave functions then have to be combined with a spin-fiavor and a color 
part so that the full wave function of the baryon is antisymmetric. 

In the current approach the spatial part of the wave function is described in terms of 
the U{7) SGA. The eigcnstates are required to have well defined transformation prop- 
erties under the permutation group, or equivalcntly, the mass operator for nonstrange 
baryon resonances has to be invariant under ^'3. The transformation properties under 
5*3 of all operators in the model follow from those of s\ p^ and p\. 









P(12) 


Pp,m 
V Px,m ) 


-[ 


P(123) 


iV 

V Px,m I 










1 

cos27r/3 sin27r/3 I I p^ I . (4) 




— sin27r/3 cos27r/3 

The s-boson is a scalar under the permutation group. There are three different symme- 
try classes for the permutation of three objects: a symmetric one, S, an antisymmetric 
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Table 1: Transformation properties of linear and bilinear operators under the permutation 
group. Here / = 0, 1, 2 and ^' = 0, 2. 



one, A, and a two-dimensional one of mixed symmetry type, denoted by Mp and M^. 
The latter have the same transformation properties as the creation operators, and p\. 
Alternatively, the three symmetry classes can be labeled by the irreducible representa- 
tions of the point group (which is isomorphic to 5*3) as Ai, A2 and respectively. 
It is now straightforward to find the bilinear combinations of creation and annihilation 
operators that transform irreducibly under the permutation group. The results are 
shown in table 1. 

Next one can use the multiplication rules for 5*3 to construct all rotationally invariant 
interactions that preserve parity and that are scalars under Sz- As a result we find two 
terms hnear in the C/(7) generators of eq. (3), 

, h^^Gf , (5) 

where fis — N — n is the number operator for scalar bosons, and fi — rip + nx counts the 
total number of p and A bosons. In addition we have the following quadratic multipole 
operators, 

nsfis , fisn , Dp - Dp + Dx - Dx , Ap- Ap + Ax- Ax , 

G« ■ G« , • , G« • G« + ■ . (6) 



We note that not all terms in eqs. (5,6) arc independent. A set of independent two- 
body interactions that are scalars under the S3 permutation group can be obtained by 
transforming to normal ordered form, 

s^s^ss , s\pI -Pp+Px- px)s , (pIpx)^^^ ■ {pxPp)^^^ , 
{pi -pI + Px- Px)ss + sh^{pp -Pp + px- Px) , 



A 



(p^pI - PxPxY^'^ ■ {PpPp - PxPxY^'^ + 4 (pIpxY^''^ ■ {pxPpf^'^ , 

{pIpI + pWxY'^ ■ {PpPp + PxPx)^^'^ , (7) 

with /' = 0, 2. 

Diagonalization of a general S's-invariant mass operator composed of the terms in 
eqs. (5-7) yields wave functions of good permutation symmetry. The transformation 
properties of these wave functions under 5*3 can be determined by taking the overlap 
with harmonic oscillator wave functions that by construction have good (and known) 
permutation symmetry We used a more direct method which is also based on the 
transformation properties under -P(12) and P(123). The symmetry classes {S,M\) are 
distinguished from (A, Mp) by a choice of basis states with the number of quanta in 
the p oscillator, np, even or odd, respectively. The classes {S, A) are distinguished 
from (Ma, Mp) by the expectation value Ky (with Ky integer) of the operator, Ky = 
3G^^^G^2\ namely, \Ky\ = 0,3,6,... for the former and \Ky\ = 1,2,4,5,... for the 



latter. Formally Ky corresponds to the quantum number, m, that was used in ref. 

to classify the states in the quark potential model. It is important to note that our 

method is valid for any oscillator shell. 

GEOMETRIC SHAPE AND ITS EXCITATIONS 

The previous analysis shows that already at the level of one- and two-body inter- 
actions, there are many possible terms that can be included in a S's-invariant mass 
operator in the U{7) model. In this section we analyze the model in terms of geometric 
variables and study its elementary excitations to gain a better understanding of the 
physical content of each of the allowed interaction terms. This will provide a selection 
criterion which terms to include in the mass operator. 

A geometric interpretation of the algebraic model can be obtained by means of a 
coherent state which for the U{7) model takes the form of a condensate of 
bosons, 

\N;c) = -^{blflO), (8) 



with 

bl = {l + RY'^V + ''pPlo + rxT,d^]o{0)p[J. (9) 



Here R = y -|- r|. The two vectors, Vp and r^, in the condensate span the a;2;-plane. 
We have chosen the z-axis along the direction of fp = VpZ, and rx is rotated by an angle 
9 about the out-of-plane y-axis, rp-rx = ^p^x cos 6. 

The expectation value of the mass operator in the condensate defines a classical 
potential function, V{rprx9) = {N; c \ | N;c). The equilibrium shape is determined 
by minimizing the potential function with respect to the coordinates, Vp and rx, and the 
relative angle 6. The equilibrium values of these shape parameters are denoted by fp, 
fx and 6, respectively. For the problem at hand, three identical quarks inside a baryon, 
the most general S's-invariant U{7) mass operator with one- and two-body terms yields 
a rigid nonlinear equilibrium shape characterized by 

rp = rx, e = ^. (10) 

These are precisely the conditions satisfied by the Jacobi coordinates of eq. (1) for 
an equilateral triangular shape. This strongly suggests to associate these coordinates 



with the algebraic shape parameters in eq. (9). The nonnegative equihbrium value 
fp = fx = f is a. measure of the dipole deformation in the ground state condensate. 
For the special case of f = we recover the spherical condensate of the quark potential 
model. 

The equilibrium configuration of three identical quarks in a baryon is represented 
in the U{7) model by an intrinsic state, eq. (8), composed of condensate bosons with 
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It corresponds geometrically to an equilateral triangular shape with the y-axis as a 
threefold symmetry axis. Excitations of the equilibrium shape are represented by the 
following six deformed bosons which, together with 6j, form a complete orthonormal 
basis, 
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The above boson operators represent excitations of the condensate which involve three 
vibrational intrinsic modes and three rotational Goldstone modes. The vibrational 
modes are a symmetric radial mode [bl), an antisymmetric radial mode {bl) and an 
angular mode (6^). The boson operators 6| (z = x,y,z) are associated with rotational 
modes. They are obtained by applying the three components of the angular momentum 
operator, Lj {i = x,y, z), on the condensate (8) with the shape parameters of eq. (10). 
The physical interpretation of these excitation modes are discussed in more detail in 
the following sections. 

The vibrational and rotational excitations of a S'3-invariant U{7) mass operator can 
be studied by decomposing it into an intrinsic (vibrational) and a collective (rotational) 
part. 
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This resolution is obtained [|T^ by requiring that the intrinsic part annihilates the 
ground state condensate and has the same shape of the potential function as the orig- 
inal mass operator. The collective part of the mass operator has by construction a 
completely flat potential function. We now discuss each of these parts separately. 
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Figure 1: Schematic representation of the vibrational spectrum of nucleon resonances. The 
resonances are labeled by the usual spectroscopic notation fl^ and their vibrational permu- 
tation symmetry. 



VIBRATIONS 

The intrinsic part of a Ss-invariant U{1) mass operator that annihilates the conden- 
sate with Tp = = f 7^ and 6 = 9 = tt /2, consists of two terms only, 



^fnt = ii(R^ sU^ -pI-pI-p{-p^^(R^ ss-pp-pp-px-PXj 

+6 [[pI -pI-Px- Px) {Pp ■Pp-Px-Px) +4: (pI ■ p{) (px ■ Pp)] , (14) 

with = 2f^. The vibrational excitations can be obtained from a normal mode 



analysis of the intrinsic part of the mass operator. This is done by rewriting the 
mass operator in terms of the deformed bosons of eqs. (11,12), replacing the condensate 
bosons, be and by their classical mean field value, \/N, and keeping terms of leading 
order in A^. In the large N limit the normal modes are diagonal in the deformed boson 
basis and the mass operator reduces to a harmonic oscillator form, 

^M?^^ = Ai b% + X, {b% + bib^) + 0{1/Vn) , (15) 
with eigenvalues 

Ai = 4^1^' , 

A2 = 4Gi?V(l + ^') • (16) 

Eq. (15) identifies the deformed bosons that correspond to the three fundamental vi- 
brations: a symmetric stretching {u), an antisymmetric stretching (f) and a bending 
vibration [w). The first two are radial excitations, whereas the third is an angular mode 
which corresponds to oscillations in the angle 6 between the two Jacobi coordinates. The 
angular mode is degenerate with the antisymmetric radial mode (with eigenvalue A2). 
This is in agreement with the point group classification of the fundamental vibrations 
for a symmetric X3 configuration ||15|. This shows that M?^^ describes the vibrational 

excitations of an oblate symmetric top. The rotational bosons, fef {i = x,y,z), are 



missing from eq. (15) and correspond to massless Goldstone bosons associated with the 
rotation symmetry which is spontaneously broken in the condensate. 

The intrinsic part of the mass operator describes the vibrational excitations of 
baryon resonances. In the large N limit the vibrational spectrum is harmonic, 

Mj.^ = AT [Ain„ + A2 K + n J] . (17) 

In the nucleon sector, the vibrationless ground state (n„ = Uy = riw = 0) is identified 
with the nucleon A''(939). The symmetric stretching vibration with frequency, Ai, has 
the same symmetry properties as the ground state. It is therefore possible to associate 
the vibration (n„ = + = 0) with the Roper resonance iV(1440). The iV(1710) 
resonance could be a candidate for the other (two-dimensional) vibrational mode with 
(n„ = 0,71^ + 71^ = 1). Similar considerations apply to the delta sector. 

A great advantage of this analysis is that we have established a relation between the 
parameters of otherwise abstract 'algebraic' interactions, and measured experimental 
quantities, in this case the mass of specific resonances. The vibrational contribution to 
the masses, eq. (17), is obtained in the large approximation which is expected to be 
valid in view of confinement. The extracted value of the parameters, ^1 and ^2, can be 
used as a good starting value in a more detailed fitting procedure in an exact numerical 
calculation. In figure 1 we show a schematic representation of the vibrational spectrum 
of nonstrange baryon resonances. 

ROTATIONS 

On top of each vibrational excitation there is a whole series of rotational states. In 
a geometric description the rotational excitations are labeled by the angular momen- 
tum, L, its projection on the threefold symmetry axis, K = 0, 1, ... , parity, and the 
transformation character under the permutation group. For a given value of K, the 
states have angular momentum L = K, K + 1, . . . , and parity n = (— )^. For rotational 
states built on vibrations of type Ai (symmetric under S3) each L state is single for 
K = and twofold degenerate for K ^ 0. For rotational states built on vibrations 
of type E (mixed 83 symmetry) each L state is twofold degenerate for K = and 
fourfold degenerate for K ^ 0. The transformation property of the states under the 
permutation group is found by multiplying the symmetry character of the vibrational 
and the rotational wave functions. The results are shown schematically in figure 2. 

The collective part of the full mass operator contains the contribution of rotations 
to the mass. By construction ^^^jj consists of interaction terms which do not affect the 
shape of the potential function. Apart from the one-body term, n, whose contribution 
to the mass is negligible for large N, the collective part of the mass operator can be 
expressed in terms of the Casimir operators of the following group chain, 

U{7) D S0{7) D S0{6) D S0{3) ® S0{2) . (18) 

The bosonic Casimir invariants of U{7) involve only the total number operator, N = 
fis + n, which is a conserved quantity. The only terms in the collective part of the mass 
operator that contribute to the excitation spectrum are therefore, 

^COU ^ CsO{7) + K'2 CsO{6) + «3 CsO(3) + «4 [CsO(2)]^ • (19) 

Explicit expressions for the Casimir operators {Cq) in terms of the generators of the 
groups (G) are shown in table 2. 
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Figure 2: Schematic representation of the rotational structure built on vibrations of type Ai 
(lefthand side) and vibrations of type E (righthand side). The levels are labeled by K, L^, 
where t denotes the overall (vibrational plus rotational) permutation symmetry. Each E state 
is doubly degenerate. 



The last two terms in the collective part of the mass operator (19) commute with any 
5'3-invariant mass operator and thus correspond to exact symmetries. Their eigenvalues 
are similar in form to those of a symmetric top, k^L{L + 1) + K^Ky. For the lowest 
eigenstates of each L the value of Ky coincides with that of the projection of the angular 
momentum on the threefold symmetry axis, denoted previously by K. Since L and Ky 
are always good quantum numbers, it is straightforward to include in the collective part 
of the mass operator higher orders of the corresponding Casimir operators. Generalizing 
the mass operator to contain arbitrary functions, f{L ■ L) and g{Ky), the expression 
for the resulting rotational spectrum becomes f[L{L + 1)] + g[Ky]. 

In general the first two terms in eq. (19) do not correspond to exact symmetries 
of a 5'3-invariant mass operator and do not commute with the intrinsic part of the 
mass operator, cq. (14). Therefore, in addition to shifting and splitting the bands 
generated by M?^ , they can also mix them. Their effect on the spectrum can be studied 
numerically. However, just as was done for the intrinsic part of the mass operator, we 
can gain physical insight of the different rotational terms in the collective part of the 
mass operator, by studying the large N limit. 
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The bxi by and bz bosons are the Goldstone bosons connected with rotations in config- 
uration space, whereas the b^ and by, bosons correspond to generalized rotations in 
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Table 2: Generators and Casimir operators of the groups relevant for the collective part 
of the mass operator. 

a higher dimensional space. It is seen from eqs. (20,21) that the Ki-term of eq. (19) 
is associated with rotations in a six-dimensional space {u,v,w,x,y,z) space and the 
/«2-term with rotations in a five- dimensional subspace (v, w, x, y, z). The Ks-term, L • L, 
corresponds to ordinary three-dimensional {x,y,z) rotations and the K^-term, Ky, is 
associated with a rotation about the threefold symmetry |/-axis. The equality of the 
coefficients of the {v, w) and the {x, z) terms in eq. (20) is a reflection of the oblate-top 
nature of the (Sa-invariant mass operator. 

Summarizing, wc have shown that a S'3-invariant U{7) mass operator corresponds 
geometrically to rotations and vibrations of an equilateral equilibrium configuration of 
three quarks in a baryon. There are only six independent terms in the mass operator 
that determine the excitation spectrum: two for the vibrational excitations and four 
for the rotational excitations. The two vibrational terms cluster the states into bands. 
Two of the rotational terms correspond to exact symmetries of the mass operator and 
their eigenvalues are obtained in closed form. Whereas these terms are diagonal and 
hence only cause band splitting, the remaining two rotational terms may in addition 
cause band mixing. 

BARYON RESONANCES 

In the previous sections we introduced a t/(7) spectrum generating algebra for the 
spatial part of the baryon wave function. The total wave function for baryon resonances 
consists of a spatial, a spin-flavor and a color part, 

ij = ijL<Ps}i^c- (22) 

To satisfy the Pauli principle for a system of identical quarks these parts have to be 
combined so that the total wave function is antisymmetric. 

Both the spatial and the spin-flavor degrees of freedom contribute to the mass 
operator. In principle there could be also spin-flavor dependence in the coefficients 
of the interaction terms in M^^^^q. Although these effects can be included without 
difficulty in an algebraic approach, in the present study we do not take them into 
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account and write 



= Mlpace + ^spin-flavor • (23) 
For the spin-flavor part we consider the SU{6) D SU{3)^ SU{2) dynamic symmetry 



of Giirsey and Radicati ^7j. In general, this symmetry may be broken (as is the 
case with the hyperfine interaction in the quark potential model), which would lead 
to coupling terms in eq. (23). Here, for simplicity, we limit ourselves to a diagonal 
breaking for which the eigenvalues are given in closed form, 

^spin-flavor = « [(Csuie)) - 45] + 6 [{Csuis)) - 9] + cS(^ + 1) . (24) 

The first term involves the Casimir operator of the SU (6) spin-flavor group with eigen- 
values 45, 33 and 21 for the representations 56 Ai, 70 ^ E and 20 ^ A2, respec- 
tively. The second term involves the Casimir invariant of the SU (3) flavor group with 
eigenvalues 9 and 18 for the octet and decuplet, respectively. The last term contains 
the eigenvalues S{S + 1) of the total spin operator. 

For the spatial part of the mass operator we take the invariant U{7) mass operator 
discussed in the previous section which is decomposed into an intrinsic and a collective 
part 

^space = M'ui7) = M?^t + ^coll • (25) 

Here, for simplicity, we take a simplified form for the collective part of the mass operator, 
containing only spatial rotations 



^coU ^ ^rot = ^\IL-L + \, (26) 



with eigenvalues 



M', = a{L + 1/2) . (27) 



The total mass operator can now be diagonalized numerically to get a fit for the 
masses of nonstrange baryon resonances. Instead, for the vibrational part we use the 
large N expression in eq. (17) with = 1, and obtain the following analytic expression 
for the masses, 



= + M^ib + ^rot + %in-flavor • (28) 

Here Mq is a constant and the other contributions are given by eqs. (17,24,27). 

For the nucleon which is a member of the flavor octet the relevant mass formulas 
read 
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the flavor decuplet the relevant mass formulas read 



Mi(Ai,L,5 = 3/2)-Mi(i232) = M^-^ + aL, 

Mi(E,L,^ = l/2)-Mi(i232) = M2.^ + aL-12a-3c, (30) 
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Table 3: Oblate top classification of nonstrange baryons of the family with / = 1/2. Here t 
denotes the overall permutation symmetry. The last column lists the dominant representation 
of the quark model assignment in a SUsf{6) 0(3) basis |16|. is given in GeV^. The 
experimental values are taken from [I6|. 



and M|(^232) = 1-518 GeV^ = M^^^ggg^ + 9b + 3c. The parameters M^, 6, ^^A^ and 
are determined from the mass squared of iV(939), A(1232), iV(1440) and A^(1710) 
respectively. The remaining parameters a, c, and a are determined by fitting the mass 
of the baryon resonances with *** or **** status. The values of the parameters (in 
GeV^) extracted in a least square fit are 



M2 = 0.260 , ^lA^ = 0.298 , ^iV = 0.769 , a = 1.056 
a = -0.042, 6 = 0.029, c = 0.125. 
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Table 4: Oblate top classification of nonstrange baryons of the A family with I = 3/2. For 
further information see table 3. 



In table 3 and 4 we show the fit to the nonstrange baryon masses of the nucleon 
and the delta family, respectively. These results obtained in the large limit are 
substantiated by exact numerical calculations. We find a reasonable overall fit for 
the *** and **** resonances with an r.m.s. deviation of 5rms = 0.14 GeV^. Some 
characteristic features of the fit are: 

(i) All experimentally well established resonances are reproduced by the calculations. 
Experimentally known but uncertain resonances with ** status can be accommodated 
in the fit as well. For example, for the A(1600)P33 resonance with M|xp — 2.56 GeV^ 
we find M^^j^ = 2.71 GeV^. 

(ii) In the present calculation most states listed in the tables are rotational members 
of the ground band (n^ — 0,ny + n-w — 0). We have associated A^(1440) and A(1900) 
with Ai vibrational bands (n^ — 1,71^ + Uu, — 0), and A'"(1710) with the E vibrational 
band (n„ = 0, n^, + = 1). 

(iii) The oblate top assignments of orbital angular momentum, spin and permutation 
symmetry are similar to the quark model assignment. 

(iv) The low- lying nucleon resonances, Pn, P>i3, Su, the cluster of / = 1/2 resonances 
in the mass range 1.6-1.7 GeV and the cluster of / = 3/2 resonances near 1.9 GeV 
are well reproduced. Above this mass range there are many more resonances predicted 
than observed experimentally. This is due to the fact that we have associated the low- 
lying iV(1440) and A^(1710) resonances with vibrational bandheads. Consequently the 



^ o 



rotational states built on top of them occur low in the mass spectrum. This problem 
of missing resonances is known to exist in quark potential models as well. 

One possible explanation is that the 'missing' resonances indeed do exist, but that 
they cannot be resolved individually since there are many overlapping resonances in 
that mass region. Another explanation could be that these resonances are decoupled 



from the vrA^ channel |T^. Since at present most experimental information is from 
pion scattering, they could simply not be excited in this type of experiments. Future 
experiments with electromagnetic probes may shed more light on this question. It has 
also been suggested that the Roper and the A^(1710) are hybrid states [|^. If that 



were the case these resonances are outside the U{7) model space and therefore the 
coefficients, and in the intrinsic part of the mass operator cannot be determined 
from the present data. A large value of ^i, ^2 would shift the vibrational bands up in 
mass, without affecting the rotational members of the ground band. 

Finally, we note that in the U{7) model we have obtained a fit to the nonstrange 
baryon masses which is comparable to that in quark potential models 0, although 
the underlying quark dynamics is quite different. This shows that the masses alone 
are not sufficient to distinguish between different forms of quark dynamics, e.g. single- 
particle vs. collective motion. 



SUMMARY 



In this contribution we have proposed to use U{7) as a spectrum generating algebra 
for a geometry-oriented description of baryons. It is combined with the spin-flavor and 
color parts into a U{7) ® SUsf{6) SUc{S) SGA for baryon spectroscopy. Although we 
have limited the discussion to nonstrange baryons, the U{7) model can accommodate 
strange baryons as well. The present model allows one to study both collective-like and 
single-particle-like motion in a single algebraic framework. Collectivity corresponds to 
coherent and strongly correlated motion of quarks which requires a strong coupling 
of harmonic oscillator shells. We have shown explicitly that there exists U{7) mass 
operators that strongly mix states with different oscillator quanta, but still preserve 
the permutation symmetry. 

We have applied the model to the family of nucleon and delta resonances and found 
good overall agreement with the observed masses. The flt is of comparable quality to 
that obtained in quark potential models. In addition to mass spectra, the model pro- 
vides wave functions which can be used to calculate other observables such as helicity 
amplitudes and (transition) form factors. These quantities provide a far more sensitive 
test to details in the wave functions than the mass spectrum. We are in the process of 
examining a variety of such observables in the U{7) model. Our goal is to identify sig- 
natures which may distinguish single-particle from collective aspects of quark dynamics 
in baryons, as well as to provide guidance to future experiments. 
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